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The bipartite regulation umber br (G)  of a bipartite graph G with maximum degree d is the 
minimum number of vertices required to add to G to construct a d-regular bipartite 
supergraph of G. It is shown that if G is a connected m-by-n bipartite graph with m <~ n and 
n - m >~ d - 1, then br(G) = n - m. If, however, n - m ~< d - 2, then br(G) = n - m + 2 / fo r  
some l satisfying 0 ~< l ~< d-  (n -  m). Conversely, if l, k and d (>2) are integers such that 
0 <~ l <~ k and 2 <~ k <~ d, then there is an connected m-by-n bipartite graph G of  maximum 
degree d for which br(G) = n - m + 2/, for some m and n with k = d - (n - m). 
A well-known result of KOnig [9] states that every graph G of maximum degree 
d is an induced subgraph of a d-regular graph H. Erd6s and Kelly [5] determined 
the minimum number of vertices (the induced regulation umber) which must be 
added to G to obtain such a supergraph H. This latter result was extended to 
digraphs by Beineke and Pippert [3]. 
The regulation umber of a graph G is the minimum number of vertices which 
must be added to G to construct a d-regular supergraph H. In this case, G need 
not be an induced subgraph of H. Regulation umbers of graphs were introduced 
by Akiyama, Era and Harary [1], and were further studied by Akiyama and 
Harary [2] and Harary and Schrnidt [8]. Analogous concepts for digraphs and 
multigraphs were introduced by Harary and Karabed [7] and Chartrand, Harary 
and Oellermann [4], respectively. Here we consider the bipartite regulation 
numbers. 
The bipartite regulation umber br(G) of a bipartite graph G with maximum 
degree d is the minimum number of vertices which must be added to G to 
construct a d-regular bipartite supergraph of G. For example, br(G)= 2 for the 
graph G of Fig. l(a). Since the partite sets of a nonempty regular bipartite graph 
must have the same eardinality, br(G)~> 2. The 3-regular bipartite graph H of 
Fig. l(b) shows that br(G) <~ 2 since G is a subgraph of H. 
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G: ~ H: 
(a) 
Fig. 1. 
The goal of this paper is to investigate bipartite regulation umbers of m-by-n 
bipartite graphs (those whose partite sets have cardinalities m and n) with 
maximum degree d. As we shall see, these numbers depend on the value of 
d - (n - m). Since m and n are not well-defined if these graphs are disconnected, 
we assume all such graphs to be connected. 
"I'neorem 1. Let  G be a connected m-by-n bipartite graph with max imum degree d 
and m <~ n. I f  n - m >~ d - 1, then br(G) = n - m. 
Proof. The result is clearly true if d = 1; thus we assume d t> 2. Let G have 
partite sets V1 and V2, where IVd=m and Iv21=n. Since br (G)>~n-m,  it 
suffices to show the existence of a d-regular n-by-n supergraph. 
First, let F be a maximal bipartite supergraph of G with maximum degree d 
having partite sets VI and V 2. We claim that every vertex in V~ has degree d in F;  
for suppose, to the contrary, that this is not the case. Then the sum of the degrees 
in 1/1 is less than md. Further, since some vertex of 1/1 has degree at most d - 1 in 
F, there are at most d - i vertices in 1/2 with degrees less than d. Thus, the sum of 
the degrees in 1/2 is at least (d - 1) + d(n - d + 1), so that (d - 1) + d(n - d + 
1) < md, which implies that n - m < d - 1, a contradiction. Hence degF v = d for 
each v ~ V1, as claimed. 
Let V2 = {vl, v2,. • •, vn} and suppose that degF vi = di (1 ~ i ~ n), where then 
1 ~ dt ~ d. Add to F an independent set/./1 of n - m vertices. The existence of the 
desired n-by-n bipartite graph with partite sets 1/1 U U1 and 1/2 is guaranteed by a 
consequence of a result of Gale [6] and Ryser [10] since ~-,7=1 (d - di) = (n - m)d. 
This completes the proof. D 
For the m-by-n graph G of Fig. 2, certainly br(G) > 1 = n - m. Such graphs are 
considered next. 
"['neorem 2. Let  G be a connected m-by-n bipartite graph with max imum degree d 
and m <~ n. I f  n - m <<- d - 2, then n - m <~ br(G) <~ 2d - (n - m). 
G: 
Fig. 2. 
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Proof. Let k=d- (n -m) .  Since br (G)~>n-m,  it suffices to show that 
br(G) ~< 2d - (n - m) = d + k. Without loss of generality, we assume G is not 
d-regular. 
Assume that G has partite sets V1 and V2, where Ivll = m and Iv2l = n. Let H be 
the connected (m + 1)-by-(n + k) graph with partite sets V~ and V~ obtained 
from G as follows. The graph H has vertex set V(H)=V(G)O 
{x, Xl, x2 , . . . ,  Xk}, where V~ = V10 {x} and V~ = V2 O {Xl, x2, • • •, Xk}. Since 
>I Iv l and G is not d-regular, there is a vertex v in V2 with deg6 v < d. If 
there is a vertex u in V1 with degc u ~< d, then set E(H)= E(G)O {xxi[ i  = 
2, 3 , . . . ,  k} U {uxl, vx}. If no such vertex u exists, then necessarily k < d and 
we set E(H)  = E(G)  0 {xxi [ i = 1, 2 , . . . ,  k} U {vx}. In either case, the maxi- 
mum degree of H is d and Iv l- Iv;I = Iv21- Ivll + (k -  1) = d - 1. Thus, by the 
previous theorem, br (H)= Iv l-Iv l =d-1  It follows, then, that b r (G)~ < 
br (H)+(k+l )=(d-1)+(k+l )=d+k.  [] 
Since the partite sets of a nonempty regular bipartite graph have the same 
cardinality, Theorem 2 may be restated in a slightly different fashion. 
Theorem 2'. Let G be a connected m-by-n bipartite graph with maximum degree 
d and m <~ n. I f  n - m <~ d - 2, then br(G) = n - m + 2/, for  some-I  satisfying 
O<~l<~d- (n -m) .  
If d = 2 in Theorem 2', then n = m and consequently G - P2,, for some n >~ 2. 
Thus br (G)= 0, and the only value attained for l is 0. In what follows, we 
consider d > 2. 
Theorem 3. I f  l, k and d (>2) are integers uch that 0<~ l <<-k and 2 <~ k <<-d, then 
there is a connected m-by-n bipartite graph G of  maximum degree d, for  which 
br(G) = n - m + 21for some m and n with k = d - (n - m). 
Proof. Assume first that d :# k. In order to construct G, we begin with a copy of 
the complete bipartite graph K(d, d) from which we remove d-k  (>0) 
independent edges, i.e., consider the graph K(d, d) - (d - k)K2. Let W1 and W2 
denote the partite sets of the resulting raph. Then G has partite sets V1 and 112, 
where V1 and V2 are obtained by adding k - l (I>0) and d - l (>0) new vertices to 
W~ and W2, respectively. Next, add all possible edges between the vertices in 
V1- W1 and V2- W2. Finally, choose d -  k vertices of 112- W2 and join them, in 
a one-to-one fashion, with the vertices of degree d -  1 in W~. This completes the 
construction of G, which is then a connected bipartite graph having maximum 
degree d. Furthermore, [112[- [V~I = (2d - l) - (d + k - l) = d - k. It remains to 
show that br(G) = d - k + 2 /= n - m + 2/. 
Let/-/1 and//2 be disjoint copies of K(d, d) - (d - k)K2 with partite sets X~, X2 
and Y1, Y2, respectively. By joining, in a one-to-one fashion, the vertices of 
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degree d - 1 in X1 with those of degree d - 1 in Y2, and the vertices of degree 
d -  1 in X2 with those of degree d -  1 in Y1, we obtain a d-regular bipartite 
supergraph of G having 4d vertices. Thus 
br(G) ~< 4d - (IVal + Iv~l) 
= 4d-  ( (2d-  1) + (d + k - l ) )=d-k  + 21. 
To Show that br(G) >I d - k + 21, let H be a d-regular bipartite supergraph of G 
with partite sets V~ and V~. Without loss of generality, assume that V1 _~ V~ and 
V2 c V~. It suffices to show that Iv;I ~2d. We consider two cases. 
Case 1. Suppose l < k. Then there is a vertex u • V2 such that degc u = k - l < d. 
Since degH u = d and u is adjacent in G to all vertices of 111 whose degrees are less 
than d, it follows that I v l l -  Iv~l I> d - (k - l) = d - k + l, i.e., Iv;I/> Iv, I + (d - 
k +/ )  = 2d. 
Case 2. Suppose l=  k. Then [V~[=d and IV2[ = 2d-k .  Furthermore, every 
vertex of VI has degree d in G and, since d 4: k, there are d - k > 0 vertices of V2 
with degree 1 in G. Let u be such a vertex. Since degH u = d, it follows that 
I v ; I -  Iv, I I> d -  1, i.e., Ivil t> 2d - 1. Thus lEVI I-- ~-  1. Since Iv21- 2d - k < 
2d - 1, there is a vertex v • V~-  V2. Since v is adjacent o no vertex of 111 and 
degH v = d, we have Iv~l-  I~1 t> d, i.e., Iv~l I> 2d. 
Assume next that d = k. We wish, then, 
graph G with maximum degree d and partite 
for which br(G) = 21. We consider two cases. 
to construct a connected bipartite 
sets 111 and V2 satisfying Ivd- Iv21 
Case 1. Suppose d - l >1 2. Let GI be a copy of K(d, d) - K2 with partite sets/-11 
and U2, and let G2 be a copy of K(d - l, d - l) - K2 with partite sets W1 and WE. 
Let G be the graph obtained from (;1 and (;2 by joining the vertex of degree d - 1 
in UI with the vertex of degree d - l - 1 in WE and joining the vertex of degree 
d -  1 in U2 with the vertex of degree d -  1 -  1 in W~. Then G is a connected 
bipartite graph with maximum degree d and partite sets V1 = U1 U W~ and 
V2-- U2 U W2 satisfying I vd -  Iv21. 
Since d -  1 t> 2, in W2 there is a vertex u such that degc u = d -  1 and u is 
adjacent o every vertex in WI. Since each vertex of /./1 has degree d in G, it 
follows that if H is a d-regular bipartite supergraph of G with partite sets V~ D I11 
and V~ V2, then I v l l -  Ivd >t l. Consequently, I v ; l -  Iv21 I> 1 and so br(G) i> 21. 
Let/-/1 and/ /2 be disjoint copies of K(d, d) - K2 with partite sets X~, X2 and 
Y~, Y2, respectively. By joining the vertex of degree d - 1 in XI with the vertex of 
degree d - 1 in Y2 and joining the vertex of degree d - 1 in X2 with the vertex of 
degree d -  1 in 111, we obtain a d-regular bipartite supergraph of G having 4d 
vertices. Since G has 4d - 21 vertices, it follows that br(G) ~< 2/. 
Case 2. Suppose d - l <~ 1. Since d I> 3, it follows that 1 I> 2. Let G1 be a copy of 
K(d, d) - K2 with partite sets/-/1 and U2, and let G2 be a copy of K(d - l + 1 ,  d - 
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l + 1) with partite sets W1 and WE. Let G be the graph obtained by joining the 
vertex of degree d - 1 in U1 with some vertex w in W2 and joining the vertex of 
degree d -  1 in U2 with some vertex v in W1. Then G is a connected bipartite 
graph with maximum degree d and partite sets 111 = U: U W: and V2 = U2 U W2 
satisfying Iv, I = Iv21. 
In order to complete the proof we must show that br (G)= 2l. We do so by 
considering separately d - l = 0 and d - l = 1. 
Assume d - l = 0. Then I vd -  d ÷ 1 = Iv21. Furthermore, degc v = 2 = degc w, 
and dego u = d for u 4= v, w. In order to show that br(G) i> 21 = 2d, let H be a 
d-regular bipartite supergraph of G with partite sets V~ _D V1 and V~ ~ V2. It 
suffices to show that I v i l  - I v, I >t d. Since degG w = 2 and degH w = d, it follows 
that Iv : l  - lEd 1> d - 2 >i 1. Let u • V~ - I11. Since w is the only possible vertex of 
G adjacent o u in H, it follows that I v : l -  Iv21 I> d - 1. Now, since degG v = 2 
and degH V = d, vertex v is adjacent o d - 2 vertices of V~ - V2 in H. Thus there 
is a vertex x in V : -V2  adjacent to no vertex of V~ in H. Consequently, 
IV:l - IV, l d. 
Let H: be a copy of G and let/-/2 be a copy of K(d, d) - (d - 2)K2 with partite 
sets I11 and I12. By joining v to the vertices of degree d - 1 in Y2 and joining w to 
the vertices of degree d - 1 in Y1, we obtain a d-regular bipartite supergraph of G 
having 2d more vertices than G. Thus br(G)~< 2d. 
By a similar argument, if d -  l = 1, i.e., l = d -  1, then br (G)= 2l =2d-  
2. [] 
Analogous results hold for connected bipartite digraphs, which we state 
without proofs. For digraphs, d-regularity requires that each vertex have indegree 
(id) and outdegree (od) equal to d. 
Theorem 4. Let D be a connected m-by-n bipartite 
max{od v, id v ] v ~ V(D) } and m <<- n. 
(a) I f  n -m>~d,  then br (D)=n-m.  
(b) I f  n -m<d,  then n -m<~br(D)~2d- (n -m) .  • 
digraph with d= 
Theorem 5. f f  l, k and d (1>2) are integers such that 0 <<- l ~ k and 1 <~ k <~ d, then 
there is a connected m-by-n  bipartite digraph D having d = max{od v, id v I v • 
V(D) )  for  which br(D) = n - m + 21, for  some m and n with k = d - (n - m).  
Acknowledgment 
The authors thank the referee for many helpful suggestions. 
118 Y. Alavi et al. 
References 
[1] J. Akiyama, H. Era and F. Harary, Regular graphs containing a given graph, Elem. Math. 38 
(1982) 15-17. 
[2] J. Akiyarna and F. Harary, The regulation umber of a graph, Publ. Inst. Math. (Beograd) 34 
(1983) 3-5. 
[3] L.W. Beineke and R.E. Pippert, Minimal regular extension of oriented graphs, Amer. Math. 
Monthly 76 (1969) 145-151. 
[4] G. Chartrand, F. Harary and O.R. Oellermann, On the regulation umber of a multigraph, 
Graphs and Combinatories 1 (1985) 137-144. 
[5] P. Erd6s and P.J. Kelly, The minimal regular graph containing a given graph, Amer. Math. 
Monthly 70 (1963) 1074-1075. 
[6] D. Gale, A theorem on flows in networks, Paeitic J. Math. 7 (1957) 1073-1082. 
[7] F. Harary and R. Karabed, Regular digraphs containing a given digraph, Canad. Math. Bull. 24 
(1983) 1-5. 
[8] F. Harary and R. Sehmidt, RealiTation of graph regulation umbers, Graph Theory: Proc. 
Fourth Yugoslav Seminar on Graph Theory, University of Novi Sad, Yugoslavia (1984) 161-166. 
[9] D. KSnig, Theorie der endliehen und unendliehen Graphen (Leipzig, 1936), reprinted (Chelsea, 
New York, 1950). 
[10] H.J. Ryser, Combinatorial properties of zeros and ones, Canad. J. Math. 9 (1957) 371-377. 
